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Abstract: We investigate the cosmological implications of a new class of modified gravity,
where the field equations generically include higher-order derivatives of the matter fields,
arising from the introduction of non-dynamical auxiliary fields in the action. Imposing a
flat, homogeneous and isotropic geometry we extract the Friedmann equations, obtaining
an effective dark-energy sector containing higher derivatives of the matter energy density
and pressure. For the cases of dust, radiation, and stiff matter we analyze the cosmological
behavior, finding accelerating, de Sitter, and non-accelerating phases, dominated by matter
or dark energy. Additionally, the effective dark-energy equation-of-state parameter can be
quintessence-like, cosmological-constant-like, or even phantom-like. The detailed study of
these scenarios may provide signatures that could distinguish them from other candidates
of modified gravity.
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1 Introduction
Since the discovery of the late-time accelerated expansion of the Universe, there has been
much effort into understanding the perplexing nature of the cosmic acceleration and of
gravity itself. In a first direction, one can introduce the dark-energy concept, in the context
of scalar fields, as these are popular building blocks used to construct models of present-day
cosmological acceleration. They are appealing because such fields are ubiquitous in theories
of high energy physics beyond the standard model and, in particular, are present in theories
which include extra spatial dimensions, such as those derived from string theories. Thus,
the modification of the Universe content [1] is materialized, in general, by the addition
of extra dynamical scalar fields, for instance canonical (quintessence) [2–7], phantom [8–
12], their combination [13–15], K-essence [16, 17], Galileon [18], etc. On the other hand,
one can modify the gravitational sector [19], for instance constructing f(R) gravity [20–
29], f(T ) gravity [30–33], Weyl-Cartan-Weitzenbo¨ck gravity [34, 35], Gauss-Bonnet gravity
[36–38], Horˇava-Lifshitz gravity [39–43], nonlinear massive gravity [44–47], etc, which apart
from the cosmological motivation has the additional advantage of an expected improved
ultra-violet and quantum behavior of the theory [48]. Furthermore, one could also construct
combinations of these two directions, such as in scalar-tensor theories [49–51], in generalized
Galileons [52–55], etc. The common feature of all the above theories is that they incorporate
additional degrees of freedom relatively to General Relativity and the standard model.
Another interesting approach is that one could handle the gravitational and matter
sectors “democratically”, that is modifying the matter part in the Lagrangian too, along
with its coupling to gravity [56–68]. Generally, these theories lead to non-geodesic motion,
– 1 –
which takes place in the presence of an extra force orthogonal to the four-velocity. The
Newtonian limit of the equation of motion was also considered, and a procedure for ob-
taining the energy-momentum tensor of the matter was presented. On the other hand, the
gravitational field equations are equivalent to the Einstein equations of the f(R) model
in empty spacetime, but differ from them, as well as from standard General Relativity,
in the presence of matter. Therefore, the predictions of these models could lead to some
major differences, as compared to the predictions of standard General Relativity, or its
extensions ignoring the role of matter, in several problems of current interest, such as cos-
mology, gravitational collapse or the generation of gravitational waves. The study of these
phenomena may also provide some specific signatures and effects, which could distinguish
and discriminate between the various theories of modified gravity.
Having these in mind, one could try to construct theories with additional auxiliary
fields which can alter the dynamics, however being themselves non-dynamical and thus
without altering the degrees of freedom [69–71] (for similar constructions see [72–74]).
Interestingly enough, the requirements of satisfying the weak equivalence principle and
allowing for a covariant Lagrangian formulation, lead the field equations of these theories
to include, in general, higher-order derivatives of the matter fields. Although this feature
places tight observational constraints on these theories, it is clear that they correspond to
novel modified classes.
The plan of the work is the following: In Section 2, we present the gravitational
modification with non-dynamical auxiliary fields, extracting the corresponding cosmological
equations. In Section 3, we solve the cosmological field equations and we provide the
cosmological behavior for various matter equations of state. Finally, in Section 4 we briefly
discuss and conclude our paper.
2 Cosmology with higher-derivative matter fields
In this section we extract the cosmological equations of the scenario at hand. In a first
subsection, we briefly present the underlying gravitational theory, namely gravity with
auxiliary fields. Then, we apply it in a cosmological framework, providing the Friedmann
equations and defining the basic observables.
2.1 Gravity with auxiliary fields
The key point of the scenario at hand is that one introduces auxiliary fields whose equations
of motion are not dynamical [69]. Thus, one can use these equations to eliminate the
auxiliary fields. In this way, the equations of motion for the usual matter fields are not
modified (which is a significant advantage when it comes to the observational tests of the
theory), however the gravitational equations of motion do change, and in particular they
acquire higher order derivatives of the matter fields. More specifically, the field equations
can be written, without loss of generality, as Gab + Λgab = Tab + Sab(g,T), where the
second rank tensor Sab(g,T) depends explicitly on the metric g and the matter fields (T
in general). The tensor Sab is imposed to vanish in vacuum and be divergence-free, in
virtue of the Bianchi identity and the conservation of the matter fields, namely ∇aT ab = 0.
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Thus, in the present context, these theories with auxiliary fields consist in modifying the
Einstein field equation through the addition of a divergence-free tensor, that vanishes in
the vacuum, and depends on the metric, the matter energy-momentum tensor, and its
derivatives.
The above conditions place strict requirements on the second-rank tensor under con-
sideration. More specifically, the tensor Sab, up to fourth order in the derivatives, is given
by (we refer the reader to Ref. [69] for more details)
Sab = α1 gab T + α2 gab T
2 + α3 T Tab + α4 gab Tcd T
cd + α5 T
c
a Tcb
+β1∇a∇b T + β2 gab T + β3 Tab + 2β4∇c∇(a Tb)c + . . . . (2.1)
Thus, in order to obtain ∇aSab = 0, to the considered order of expansion, one needs to
impose the conditions
α1 = −β1 Λ, 4α2 = (1 + 2α1) (β1 − β4), α3 = β4 (1 + 2α1)− β1,
2α4 = β4 , α5 = −2β4 , β2 = −β1, β3 = −β4. (2.2)
We refer the reader to Appendix (A) for specific details.
Hence, independently of the specific initial action, the resulting Einstein equations
become [69]
Gab = Tab − Λgab − β1Λ gab T + 1
4
(1− 2β1Λ) (β1 − β4) gab T 2
+ [β4 (1− 2β1 Λ)− β1] T Tab + 1
2
β4 gab Tcd T
cd − 2β4 T c a Tcb
+β1∇a∇b T − β1 gabT − β4 Tab + 2β4∇c∇(a Tb)c + . . . , (2.3)
where gab is the spacetime metric, Λ the cosmological constant, Tab the matter energy-
momentum tensor, T its trace, and we have set Newton’s constant to 1/8pi (we refer
the reader to [69] for more details). The divergence of the extra terms is zero, and the
coefficients now only depend on the β1 and β4 model parameters, and it is clear that when
β1 = β4 = 0 we recover the standard Einstein equations. In the above equation one can
clearly see that the introduction of auxiliary fields indeed leads to gravitational equations
which include higher derivatives of the energy momentum tensor and its trace.
Before proceeding to the cosmological investigation of the above scenario, let us make
a comment on the subtle issue of considering the trace of the energy-momentum tensor, T ,
in the Lagrangian. Indeed, note that the most obvious generalization of Newtonian gravity,
based on Poisson’s equation ∇2φ = 4piGρ should be φ = 4piGT , where the trace of the
energy-momentum tensor acts as a source for the scalar field. This has several implications,
such as: (i) the theory is nonlinear as the scalar field possesses a non-zero trace for the
energy-momentum tensor, which appears in the right-hand-side of the above relationship;
(ii) the scalar field also couples to the cosmological constant, as the latter has a non-zero
energy-momentum trace, thus rendering a dynamical effective cosmological constant. In
this context, the subtle issue is that the trace of the energy-momentum tensor should not
be written a priori inside the Lagrangian but should be derived by varying the Lagrangian.
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Thus, the correct coupling would be the one with the properly defined trace, leading then
to an infinite loop of variations [75–78]. To this effect, consider a system consisting of
gravitational fields gµν , radiation fields, and a scalar field φ which couples to the trace
of the energy-momentum tensor of all the fields, including its own [75–80]. Furthermore,
consider the zeroth order action given by
A(0) = Agrav +A
(0)
φ +A
(0)
int +Arad. (2.4)
The respective terms are defined in the following manner
Agrav =
1
16piG
∫
d4x
√−g R+
∫
d4x
√−g Λ , (2.5)
A(0) =
1
2
∫
d4x
√−g ∇µφ∇µφ , (2.6)
A
(0)
int =
∫
d4x
√−g f(φ/φ0)T , (2.7)
where the cosmological constant is included. η determines the strength of the interaction
between the scalar field and the trace of the energy-momentum tensor, the constant φ0 is
introduced for dimensional convenience, and finally note that the radiation term is traceless.
Now, in order to take into account the back-reaction of the scalar field on itself, the trace
of the scalar field, i.e. Tφ = −∇µφ∇µφ, must be added to the total trace T . Next, the
addition of Tφ in the interaction term A
(0)
int further modifies the energy-momentum tensor
T µνφ , and consequently modifies the trace Tφ. In conclusion, an infinite iteration needs to
be performed to arrive at the correct action, where the complete action is obtained by
summing up all the terms [75–78].
Nevertheless, one should emphasize that the full action can be deduced by a simple con-
sistency argument [79, 80]. As the above-mentioned iteration is to modify the expressions
for Aφ and AΛ, one could consider the following as an ansatz for the full action
A =
1
16piG
∫
d4x
√−g R+
∫
d4x
√−g α(φ)Λ
+
1
2
∫
d4x
√−g β(φ)∇µφ∇µφ+Arad , (2.8)
where the functions α(φ) and β(φ) represent the effect of the iteration of the interaction
term. Note that taking into account the action (2.8), the energy-momentum tensor for
the scalar field φ and the cosmological constant Λ is now given by T µν = α(φ)Λgµν +
β(φ)(∇µφ∇νφ − 12gµν∇αφ∇αφ), which provides the following trace: Ttot = 4α(φ)Λ −
β(φ)∇αφ ∇αφ. Using the latter trace equation, and equating the actions (2.4) and (2.8),
the functions α(φ) and β(φ) are given by
α(φ) = (1 + 4ηf)−1 , β(φ) = (1 + 2ηf)−1 , (2.9)
respectively. The cosmological behaviour was further extensively explored [79, 80]. Now,
this model is conceptually attractive as it correctly accounts for the coupling of the scalar
field and the trace of the energy-momentum tensor. However, there are several problems
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[79], namely: (i) one does not arrive at a viable model using natural initial conditions
without fine-tuning the parameters; (ii) due to the coupling of the scalar field to the trace of
all the sources, it also couples and consequently kills off the dust-like matter, rendering the
present universe radiation-dominated; (iii) the latter point reduces the age of the universe
and creates difficulties for the formation of structure. It has been emphasized that these
problems may be solved by invoking a suitable potential V (φ), but this eliminates the
naturalness of the model [79, 80].
In the present context, one may also argue that the theory analyzed in this work suffers
form similar drawbacks in that one should not place the trace of the energy-momentum
tensor inside the Lagrangian, but he should derive the latter by variation. Thus, the correct
coupling would be the one with the properly defined trace, leading then to an infinite loop of
variations. However, we emphasize that we may consider the theory at a phenomenological
level, where we have postulated the trace in the Lagrangian, and extensively explore its
consequences and cosmological behavior. This is what we do in the rest of the manuscript.
2.2 Cosmological equations
In order to apply the above modified gravitational theory in cosmology we consider the
usual homogeneous and isotropic geometry, given by the flat Friedmann-Robertson-Walker
(FRW) metric
ds2 = −dt2 + a2(t) δijdxidxj , (2.10)
where a(t) is the scale factor. Additionally, concerning the matter energy-momentum
tensor, we use the standard form of a perfect fluid, namely Tab = (ρ+p)UaUb+p gab, where
ρ and p are respectively the matter energy density and pressure.
Inserting these in the field equations (2.3), we obtain the modified Friedmann equations
as
3H2 = (ρ+ Λ) + 3H [β1(ρ˙− 3p˙)− β4(ρ˙+ 2p˙)]− β4ρ¨
+
1
4
[
3β1(1 + 2β4Λ)(ρ
2 − 3p2) + 3β4(ρ2 + p2)− 12β1(β1 + β4)Λρp
−6(β1 − β4)ρp− 4β1Λ(ρ− 3p) + 2β21Λ(ρ2 + 9p2)
]
, (2.11)
and
H˙ [1 + β4 (ρ+ p)] = −1
2
(ρ+ p)− 3H2β4(ρ+ p)− H
2
[β1(ρ˙− 3p˙)− β4(ρ˙+ 3p˙)]
−1
2
[
(3β1 + β4)p¨− (β1 + β4)ρ¨+ β4(ρ2 + p2)
+β1(1 + 2β4Λ)(ρ
2 − 3p2)− 2(β1 − β4 + 2β1β4Λ)ρp
]
, (2.12)
respectively. The above equations can be re-written in the form of the usual Friedmann
equations as
3H2 = ρ+ ρDE, (2.13)
− 2H˙ = ρ+ ρDE + p+ pDE, (2.14)
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where we have introduced the effective dark-energy sector with energy density and pressure,
ρDE and pDE, respectively, defined as
ρDE = Λ+
1
4
[
3β1(1 + 2β4Λ)(ρ
2 − 3p2) + 3β4(ρ2 + p2)− 12β1(β1 + β4)Λρp − 6(β1 − β4)ρp
−4β1Λ(ρ− 3p) + 2β21Λ(ρ2 + 9p2)
]
+ 3H [β1(ρ˙− 3p˙)− β4(ρ˙+ 2p˙)]− β4ρ¨, (2.15)
and
pDE =
1
4 [β4(p + ρ) + 1]
{
− β4ρ3 [2β1 (β1 + 3β4)Λ + 3 (β1 + β4)]− (β1 − 3β4) ρ2 (2β1Λ− 1)
+4ρ
(
β1Λ− β4Λ+ 6β4H2
)
+ 4p
[
6β4H
2 − (3β1 + β4) Λ
]
+β4pρ
2 [β1 (10β1Λ+ 6β4Λ+ 3)− 9β4] + 2pρ [6β1 (β1 − β4)Λ− (β1 + 3β4)]
+3p2 [β4ρ (−2 (β1 − 5β4)β1Λ + 5β1 − 3β4)− (β1 + β4) (6β1Λ+ 1)]
−4Λ + 3β4p3 [6 (β4 − β1)β1Λ + 3β1 − β4]
+4H [(β1 − β4) ρ˙(t)− 3 (β1 + β4) p˙(t)] + 4 (3β1 + β4) p¨− 4 (β1 + β4) ρ¨
}
. (2.16)
Thus, we can calculate the equation-of-state parameter wDE of the effective dark-energy
sector as wDE ≡ pDE/ρDE , or using the Friedmann equations (2.13) and (2.14) as
wDE = −2H˙ + p+ 3H
2
3H2 − ρ . (2.17)
Moreover, one can see that given the matter energy conservation
ρ˙+ 3H (ρ+ p) = 0, (2.18)
the effective dark energy is also conserved, that is
ρ˙DE + 3H (ρDE + pDE) = 0. (2.19)
Finally, we can define the deceleration parameter q, namely
q = −1− H˙
H2
=
1
2
+
3
2
p+ pDE
ρ+ ρDE
. (2.20)
The sign of q indicates the decelerating/accelerating nature of the cosmological expansion;
cosmological models with q < 0 are accelerating, while those having q > 0 experience a
decelerating evolution. Note that in terms of q the dark-energy equation-of-state parameter
reads
wDE =
(2q − 1)H2 − p
3H2 − ρ , (2.21)
or, alternatively,
wDE =
1
3
(2q − 1)
(
ρ
ρDE
+ 1
)
− p
ρDE
. (2.22)
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In order to be able to handle the cosmological equations of the scenario at hand,
namely the Friedmann equations (2.13) and (2.14) and the conservation equations (2.18)
(or (2.19)), we proceed as follows. Firstly, from equation (2.18) we easily obtain
H = − ρ˙
3 (ρ+ p)
, (2.23)
and
H˙ =
ρ˙ (p˙+ ρ˙)− (p+ ρ)ρ¨
3(p + ρ)2
. (2.24)
Then, substitution into equations (2.11) and (2.12) provides the equations
β4ρ¨ = Λ + ρ+
ρ˙ [(3β1 + 2β4)p˙ + (β4 − β1)ρ˙]
p+ ρ
− ρ˙
2
3(p + ρ)2
+
1
4
{
− 2ρ {2β1Λ + 3p[2β1Λ(β1 + β4) + β1 − β4]}+ ρ2 [2β1Λ(β1 + 3β4) + 3(β1 + β4)]
+3p [4β1Λ + p(6β1Λ(β1 − β4)− 3β1 + β4)]
}
, (2.25)
and
ρ¨ = −
(
3β1 + 5β4 +
2
p+ ρ
)
−1
{
3p [2ρ(2β1β4Λ+ β1 − β4)− 1] + 3p2 [β1(6β4Λ+ 3)− β4]
−3(3β1 + β4)(p + ρ)
2p¨+ p˙ρ˙ [(3β1 + 5β4)(p+ ρ) + 2]− ρ˙2 [(β1 − 5β4)(p + ρ)− 2]
(p + ρ)2
−3ρ2(2β1β4Λ+ β1 + β4)− 3ρ
}
, (2.26)
Finally, eliminating ρ¨ between equations (2.25) and (2.26), through equalizing the right
hand sides, we obtain a differential equation for ρ. Hence, if we additionally provide the
matter equation of state, assumed to be of barotropic form p = p(ρ), this differential
equation can be solved to give ρ(t). Lastly, H(t) is then obtained from equation (2.23) and
then ρDE(t) from equation (2.15), wDE from equation (2.17) and q from equation (2.20).
3 Cosmological solutions
In this section we explore the cosmological scenario with higher-matter derivatives, for three
particular cases of matter equations of state, namely dust (p = 0), radiation (p = ρ/3) and
stiff fluid (p = ρ).
3.1 Dust cosmological models
As a first example we consider that the matter is in the form of dust, namely with p = 0.
In this case equations (2.25) and (2.26) are respectively simplified to
ρ¨ =
3ρ2 {4Λ + ρ {4− 4β1Λ+ ρ[2β1Λ(β1 + 3β4) + 3(β1 + β4)]}} − 4ρ˙2 [3(β1 − β4)ρ+ 1]
12β4ρ2
,
(3.1)
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and
ρ¨ =
3ρ3 [ρ (2β1β4Λ+ β1 + β4) + 1] + ρ˙
2 [2− (β1 − 5β4)ρ]
ρ [(3β1 + 5β4)ρ+ 2]
. (3.2)
Hence, as we mentioned in the previous section, equality of the right-hand-sides provides
the differential equation for ρ(t). If for convenience we introduce the dimensionless variables
τ =
t
2β
1/2
4
, θ = β4ρ, k =
β1
β4
, h = β
1/2
4 H, λ = β4Λ, (3.3)
the differential equation takes the following form
dθ
dτ
= −θ {θ [3k(θ + 3θk + 3) + 5] + 2}−1/2
{
3θ (θ + 3θk + 4) [3θ(k + 1) + 2]
+6λ
{
θ
{
k
[
θ2(3k2 + 14k + 3)− 4θ(k + 1) + 2]+ 10}+ 4}
}1/2
, (3.4)
where for physical reasons (monotonically decreasing energy density) we have adopted
the minus sign for the square root. Additionally, calculating H(t) from equation (2.23)
and inserting into equation (2.20) we extract the analytical expression for the deceleration
parameter as
q =
{
[6kθ(θ + 3kθ + 3) + 4]
{
θ
[
θ2k2(6kλ+ 28λ+ 9) + θ2(6kλ + 12k + 3)
+2θ(9k + 7− 4λk2 − λk) + 4λ(k + 5) + 8]+ 8λ}
}
−1
×
{
3θ5(3k2 + k)
[
k2(6kλ+ 28λ+ 9) + 6k(λ+ 2) + 3
]− θ2 [8k(89k + 77)λ − 112]
−θ3 [8k2λ(21k + 80) + 72k2 + 2k(108λ − 87)− 42]
+3θ4
[
8k(15λk3 + 50λk2 + 11λk) + 8k(3k + 1)
]
+ 8θλ(5− 44k) + 16θ − 32λ
}
. (3.5)
Note that for the specific case where the cosmological constant is absent (namely λ = 0),
that is when the effective dark energy sector constitutes solely from the higher matter
derivatives, we obtain
q =
1
2
+
3(9kθ + 4)
6kθ(θ + 3kθ + 3) + 4
− 6
θ + 3kθ + 4
− 3
3(k + 1)θ + 2
. (3.6)
In order to present the above behavior more transparently, we numerically solve equa-
tion (3.4), and then we calculate the various physical quantities as we described above. In
Figs. 1-5 we present the time evolution of the matter energy density, of the scale factor, of
the Hubble function, of the deceleration parameter and of the dark-energy equation-of-state
parameter, for the cases λ = 0 and λ = 0.004, and for different values of k.
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Figure 1. Time evolution of the scaled matter energy density θ of the dust-matter Universe, as a
function of τ , for λ = 0 (left panel) and for λ = 0.004 (right panel), for different values of k: k = 1
(solid curve), k = 3 (dotted curve), k = 5 (short dashed curve), k = 9 (dashed curve) and k = 16
(long dashed curve). The initial value of the energy density is θ(0) = 0.20.
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Figure 2. Time evolution of the scale factor a of the dust-matter Universe, as a function of τ , for
λ = 0 (left panel) and for λ = 0.004 (right panel), for different values of k: k = 1 (solid curve),
k = 3 (dotted curve), k = 5 (short dashed curve), k = 9 (dashed curve) and k = 16 (long dashed
curve). The initial value of the energy density is θ(0) = 0.20.
First of all, as expected, the cosmological dynamics depends on the value of λ. In
particular, since in the scenario at hand the effective dark energy sector is attributed to
the higher derivatives of the matter fields, when an explicit cosmological constant is absent
(λ = 0) we expect the dark-energy equation-of-state parameter to become asymptotically
zero at late times, and the Universe to be non-accelerating. This behavior can be clearly
seen in the left graphs of Figs. 4 and 5. On the other hand, when λ 6= 0, the explicit
cosmological constant dominates inside the effective dark energy sector, and in this case
the quintessence-like Universe at late times transits to the accelerating phase, tending
asymptotically to the de Sitter evolution, with wDE → −1. This behavior can be observed
in the right graphs of Figs. 4 and 5.
The above asymptotic behaviors can be also analytically extracted from the cosmolog-
ical equations. In particular, setting λ = 0 in (3.6) leads immediately to limθ→0 q = 1/2.
On the other hand, for λ > 0, expression (3.5) leads to limθ→0 q = −1.
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Figure 3. Time evolution of the Hubble function h of the dust-matter Universe, as a function of τ ,
for λ = 0 (left panel) and for λ = 0.004 (right panel), for different values of k: k = 1 (solid curve),
k = 3 (dotted curve), k = 5 (short dashed curve), k = 9 (dashed curve) and k = 16 (long dashed
curve). The initial value of the energy density is θ(0) = 0.20.
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Figure 4. Time evolution of the deceleration parameter q of the dust-matter Universe, as a function
of τ , for λ = 0 (left panel) and for λ = 0.004 (right panel), for different values of k: k = 1 (solid
curve), k = 3 (dotted curve), k = 5 (short dashed curve), k = 9 (dashed curve) and k = 16 (long
dashed curve). The initial value of the energy density is θ(0) = 0.20.
We close this subsection by mentioning that more complex behaviors of wDE can also
be achieved. In particular, according to (2.22), if during the cosmological expansion for
some ρ = ρcr the condition
1
3
(2q − 1)
(
ρcr
ρDE
+ 1
)
= w
(cr)
DE = −1, (3.7)
is satisfied, then at the corresponding time the phantom divide crossing will be realized.
3.2 The radiation dominated phase
Let us now investigate the cosmological behavior of a radiation dominated Universe, with
the matter pressure satisfying the equation of state p = ρ/3. The gravitational field
equations (2.11), (2.12) and (2.18) give
ρ¨ =
60β4ρρ˙
2 + 64β4ρ
4 + 48Λρ2 − 9ρ˙2 + 48ρ3
48β4ρ2
, (3.8)
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Figure 5. Time evolution of the dark-energy equation-of-state parameter wDE of the dust-matter
Universe, as a function of τ , for λ = 0 (left panel) and for λ = 0.004 (right panel), for different
values of k: k = 1 (solid curve), k = 3 (dotted curve), k = 5 (short dashed curve), k = 9 (dashed
curve) and k = 16 (long dashed curve). The initial value of the energy density is θ(0) = 0.20.
ρ¨ =
30β4ρρ˙
2 + 32β4ρ
4 + 9ρ˙2 + 24ρ3
3ρ(8β4ρ+ 3)
, (3.9)
and
ρ˙+ 4Hρ = 0, (3.10)
respectively. It is interesting to note that for the radiation-dominated Universe of this
subsection the dynamics is determined solely by the parameter β4, with the parameter
β1 eliminated from the equations. The consistency condition requiring the equality of
the right-hand-sides of equations (3.8) and (3.9) provides the basic evolution equation
describing the dynamical behavior, namely
ρ˙ = −4ρ
√
3Λ + (3 + 8β4Λ) ρ+ 4β4ρ2
3(4β4ρ+ 3)
. (3.11)
In the case Λ = 0 and β4 = 0, we obtain
ρ˙ = −4ρ
3/2
√
3
, (3.12)
which yields the general solution
ρ =
3ρ0(
2
√
ρ0t+
√
3
)2 , (3.13)
where we have used the initial condition ρ(0) = ρ0. Therefore, in this case we re-obtain
the cosmological behavior of the radiation filled Universes in standard cosmology, with
H(t) =
√
ρ0
2
√
ρ0t+
√
3
, (3.14)
a(t) = a0
√
2t
√
ρ0
3
+ 1, (3.15)
and q = 1, respectively.
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3.3 Stiff fluid cosmology
One of the most common equations of state of high energy density cosmological matter,
which has been used extensively to study the properties of the early Universe, is the linear
barotropic equation of state, given by p = (γ − 1)ρ, with γ = constant ∈ [1, 2]. A very
important subcase is its so-called causal limit, corresponding to γ = 2, which gives the
Zeldovich, or stiff-fluid equation of state p = ρ [81]. The Zeldovich equation of state applies
to densities significantly higher than nuclear densities, ρ > 10ρnuc, with ρnuc = 10
14 g/cm3.
From a field theoretical point of view the Zeldovich equation of state can be obtained by
constructing a relativistic Lagrangian that allows bare nucleons to interact attractively via
scalar meson exchange and repulsively via the exchange of a more massive vector meson
[81]. On the other hand, in the non-relativistic limit both the quantum and classical field
theories yield Yukawa-type potentials. At the highest densities the vector-meson exchange
dominates, and by using a mean field approximation one can show that in the extreme
limit of infinite densities the pressure tends to the energy density, namely p → ρ [81]. In
this limit the sound speed c2s = dp/dρ → 1, and hence this equation of state satisfies the
causality condition, with the speed of sound less than the speed of light.
For a stiff fluid the field equations (2.11), (2.12) and (2.18) provide respectively
ρ¨ =
12β1ρρ˙
2 − 36β1ρ4 + 18β4ρρ˙2 + 36β4ρ4 − ρ˙2 + 12ρ3
12β4ρ2
, (3.16)
ρ¨ =
−β1ρρ˙2 + 12β1ρ4 − 5β4ρρ˙2 − 12β4ρ4 − ρ˙2 − 6ρ3
ρ(6β1ρ− 2β4ρ− 1) , (3.17)
and
ρ˙+ 6Hρ = 0. (3.18)
We mention that we have set to zero the explicit cosmological constant (namely Λ = 0),
since it is negligible comparing to the high densities that are needed to justify the Zeldovich
stiff equation of state.
The basic evolution equation that describes the energy density evolution, obtained by
equating the right hand sides of (3.16) and (3.17), is given by
ρ˙ = −2
√
3
√
ρ3 [6(β1 − β4)(3β1 + β4)ρ2 − (9β1 + β4)ρ+ 1]
2ρ [−9β1 − 2β4 + 12(β1 + β4)(3β1 + β4)ρ] + 1 . (3.19)
By introducing the set of dimensionless quantities (τ, θ, k, h), defined as
τ =
2
√
3
β
1/2
4
t, θ = β4ρ, k =
β1
β4
, h =
β
1/2
4
2
√
3
H, (3.20)
equation (3.19) takes the final form
θ˙ = −θ3/2
√
θ [6(k − 1)(3k + 1)θ − 9k − 1] + 1
2θ [12(k + 1)(3k + 1)θ − 9k − 2] + 1 . (3.21)
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Figure 6. Time evolution of the matter energy density θ of the stiff-fluid Universe as a function
of τ , for different values of k: k = −1 (solid curve), k = −3 (dotted curve), k = −5 (short dashed
curve), k = −9 (dashed curve) and k = −16 (long dashed curve). The initial value of the energy
density is θ(0) = 1.20.
Thus, using (3.18) the Hubble function becomes
h =
1
6
√
θ [θ(6(k − 1)(3k + 1)θ − 9k − 1) + 1]
2θ [12(k + 1)(3k + 1)θ − 9k − 2] + 1 , (3.22)
which leads to a scale factor of the form
a = a0θ
−1/6. (3.23)
Additionally, using (2.20) the deceleration parameter becomes
q = 2 +
3 [(9k + 1)θ − 2]
θ [6(k − 1)(3k + 1)θ − 9k − 1] + 1 +
6− 6(9k + 2)θ
2θ [12(k + 1)(3k + 1)θ − 9k − 2] + 1 . (3.24)
We numerically evolve the scenario at hand for various parameter values, and in Figs. 6-
8 we respectively depict the time evolution of the matter energy density, of the scale
factor, of the scaled Hubble function, of the deceleration parameter and of the dark-energy
equation-of-state parameter.
As we observe, for the considered numerical values of the model parameters the cosmo-
logical evolution of the Universe is strongly decelerating for all times, with the numerical
values of the deceleration parameter in the range 1.2 < q < 2.2. This is an expected result,
since we have neglected the presence of the cosmological constant Λ in the field equations.
In physical terms it is also expected, since from the cosmological point of view the stiff-fluid
regime lasts for a very short period during the evolution of the early Universe, in which the
Zeldovich density conditions are satisfied. During this period the Universe is expanding
at a slow rate, with the Hubble function monotonically decreasing in time. Furthermore,
the dark-energy equation-of-state parameter has small negative values, being very close to
zero for all considered dimensionless times.
At this point, let us remind that in standard General Relativity the evolution of the
stiff-fluid Universe is given by ρGR = ρ0/a
6, H˙GR = −ρGR, and qGR = 2. Hence, we
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Figure 7. Time evolution of the scale factor a (left panel) and of the Hubble function h (right
panel) of the stiff-fluid Universe as a function of τ , for different values of k: k = −1 (solid curve),
k = −3 (dotted curve), k = −5 (short dashed curve), k = −9 (dashed curve) and k = −16 (long
dashed curve). The initial value of the energy density is θ(0) = 1.20.
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Figure 8. Time evolution of the deceleration parameter q (left panel) and of the dark-energy
equation of state parameter wDE (right panel) of the stiff-fluid Universe as a function of τ , for
different values of k: k = −1 (solid curve), k = −3 (dotted curve), k = −5 (short dashed curve),
k = −9 (dashed curve) and k = −16 (long dashed curve). The initial value of the energy density is
θ(0) = 1.20.
deduce that the presence of the higher derivative matter terms in the gravitational field
equations leads to a significant departure from the standard cosmological dynamics. This
feature could lead to strong nucleosynthesis constraints on the present scenario, and used
to distinguish it from other modified gravity classes.
4 Conclusions
In the present work we have investigated the cosmological implications of a new class
of modified gravity, which arises from the introduction of non-dynamical auxiliary fields.
This feature leads the equations of motion to contain higher order derivatives of the matter
fields. Although this could place tight observational constraints on this theory, as long as
these constraints are satisfied the above class corresponds to a novel modified gravitational
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theory and cosmology that is worthy to explore. In particular, extracting the gravitational
field equations and imposing a flat, homogeneous and isotropic geometry, we obtained the
Friedmann equations, in which the effective dark-energy sector contains higher derivatives
of the matter energy density and pressure.
One important feature of the present scenario is the conservation of the matter energy-
momentum tensor, which imposes strong constraints on the cosmological evolution. In
particular, due to this conservation the density - scale-factor relation is the same as in
standard General Relativity, which in the case of a barotropic cosmological matter fluid
with p = (γ − 1)ρ takes the form ρ ∝ a−3γ . However, since the evolution of the scale
factor is now different, the matter-density time evolution differs from the standard General
Relativistic one.
In the case where the matter sector is dust-like (p = 0), the Universe approaches
asymptotically the de Sitter stage with H ≈ H0 = constant and with the matter content
decreasing according to ρ ≈ ρ0 exp (−3H0t), where both the deceleration parameter q and
the dark-energy equation-of-state parameter wDE tend to −1, due to the domination of
the explicit cosmological constant. This result is independent of the model parameters as
expected, since in all cases the decrease of the matter energy density due to the expansion
leads all the terms in the matter-dependent effective dark-energy sector to disappear, apart
from the cosmological constant one. Hence, in the presence of the cosmological constant the
de Sitter stage is an attractor solution of the field equations. This was actually expected,
since as we stated in subsection 2.1, in the case of vanishing energy-momentum tensor the
new non-GR terms vanish too, which is indeed the case in the above asymptotic regime.
We stress however that at intermediate times the scenario at hand can be very different
than GR. Finally, on the other hand, in the absence of an explicit cosmological constant,
the Universe results in a non-accelerating, matter-dominated Universe.
In the case of radiation matter p = ρ/3, and in the absence of an explicit cosmological
constant we obtained a non-accelerating Universe, similar to the radiation-dominated phase
of standard General Relativity. Additionally, in the case of a stiff matter p = ρ, which is
expected to be realized in the very early Universe, we found that the Universe is expanding
at a slow rate, with the effective dark-energy equation-of-state parameter having small
negative values.
The above variety of cosmological evolutions reveals that the theory with higher matter
derivatives is indeed new, and deserves further investigation. More specifically, it would be
interesting and necessary to perform a detailed cosmological perturbation analysis, in order
to examine the stability properties of the theory, as well as to confront it with perturbation-
related observables such as the large-scale structure and the growth index. Moreover,
one could perform a full phase space analysis, which will reveal the global, asymptotic
behavior of the scenario. Furthermore, another important avenue of analysis would be
to use data from Type Ia Supernovae (SNIa), Baryon Acoustic Oscillations (BAO), and
Cosmic Microwave Background (CMB) observations, in order to impose constraints on the
theory. The above investigations may also provide specific signatures and effects, which
could distinguish between this theory and other alternatives of modified gravity. We aim
to explore in detail these issues in upcoming publications.
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Appendix
A Divergence-free character of the tensor Sab
In this Appendix, we will deduce the conditions imposed in order for the tensor Sab to
be divergence-free, namely ∇aSab = 0. Indeed, the tensor Sab possesses the following
properties: i) it is imposed to vanish in vacuum, Tab = 0; ii) it is divergence-free, due
to the Bianchi identity, ∇aGab = 0, and the fact that Tab is also divergence-free, namely
∇aT ab = 0. Note that the latter property, in this theory, arises due to the fact that matter
is minimally coupled to the metric, which guarantees ∇aT ab = 0. Thus, these theories,
that possess auxiliary fields, correspond to modifying the Einstein field equation by adding
a divergence-free tensor that vanishes in vacuum and that depends on the metric, the
energy-momentum tensor and its derivatives.
Now, it is important to emphasize that the form of Sab, considered in this work and
in Ref. [69], is given as an expansion in orders of the matter fields T and their derivatives,
namely equation (2.1) is given in terms of a derivative expansion. Hence, it is by definition
approximate and not exact. One cannot expect to get exact vanishing of the divergence
precisely for this reason. Instead, what is important is that order by order in the expansion
∇aSab is zero to that order. For instance, one maintains terms which areO(T 2), while terms
such as Λβ21∇b(T 2) contribute to higher orders. Thus, if one assigns two derivatives to T
then one essentially keeps up to four derivatives. More specifically, consider k a parameter
that counts derivatives in this way, then indeed one has ∇aSab = 0 + O(k6) which is all
that is needed, as O(k6) terms were not included anyway in the original expansion (note
that this is a standard procedure in any perturbation theory).
In this context, the tensor Sab, up to fourth order in the derivatives, is thus given by
equation (2.1), which we reproduce here
Sab = α1 gab T + α2 gab T
2 + α3 T Tab + α4 gab Tcd T
cd + α5 T
c
a Tcb
+β1∇a∇b T + β2 gab T + β3 Tab + 2β4∇c∇(a Tb)c + . . . . (A.1)
In order to impose that Sab is divergence-free, to the required order, the following relations
are imposed:
(∇b −∇b)T = Rab∇a T, (A.2)
(∇a∇c∇a −∇c)Tcb = Rabcd∇d T ca, (A.3)
∇aRabcd = 2∇[cRd]b , (A.4)
and taking into account the lowest-order equation given by Rab = Tab − αgabT + gabΛ+ ...
(once again, we refer the reader to Ref. [69] for more details), lead to the necessary
cancellations between terms to O(k6). Note, however, that equations (A.2)-(A.4) are exact
identities.
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Finally, the resulting modified Einstein equation takes the form of equation (2.3), which
we reproduce here
Gab = Tab − Λgab − β1Λ gab T + 1
4
(1− 2β1Λ) (β1 − β4) gab T 2
+ [β4 (1− 2β1 Λ)− β1] T Tab + 1
2
β4 gab Tcd T
cd − 2β4 T c a Tcb
+β1∇a∇b T − β1 gabT − β4 Tab + 2β4∇c∇(a Tb)c + . . . . (A.5)
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